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Devwudfw
Wklv sdshu vwxglhv frpshwlwlrq ehwzhhq d vpdoo qxpehu ri vxssol0
huv dqg d vlqjoh ex|hu/ +ru dq dxfwlrq zlwk d vpdoo qxpehu ri elgghuv
dqg d vlqjoh vhoohu, zkhq wrwdo ghpdqg +vxsso|, lv xqfhuwdlq1 Lw lv
zhoo nqrzq wkdw zkhq d vpdoo qxpehu ri vxssolhuv frpshwh lq vxsso|
ixqfwlrqv wkh vhuylfh lv qrw surylghg h!flhqwo|1 Zh vkrz wkdw surgxf0
wlrq h!flhqf| lv rewdlqhg li vxssolhuv frpshwh lq vlpsoh wzr0sduw elg
ixqfwlrqv1 Krzhyhu/ sur￿wv duh qrw holplqdwhg1 Pruhryhu/ wkh ex|huv*
+vhoohuv*, ghflvlrq uhjduglqj krz pxfk wr ex| lv qrw h!flhqw1 Zh dovr
vkrz wkdw vxssolhuv +elgghuv lq dq dxfwlrq, dozd|v kdyh dq lqfhqwlyh
wr phujh +irup elgglqj ulqjv, lq wklv vhwwlqj1
Nh|zrugv= Vxsso| Ixqfwlrq Frpshwlwlrq/ Pxowl Xqlw Dxfwlrqv/ H!flhqf|/
Ghuhjxodwlrq ri Hohfwulflw| Jhqhudwlrq/ Sulydwl}dwlrq/ Phujhuv1
MHO Fodvvlfdwlrq= G7/ O8/ F:1
￿Zh duh judwhixo wr Prww| Shuu| dqg Fhploh \dydv iru frpphqwv rq dq hduolhu gudiw1
Nulvkqd lv judwhixo wr wkh Qdwlrqdo Vflhqfh Irxqgdwlrq iru vxssruw xqghu judqw Qr1 VEU0
<:5834<1
44 Lqwurgxfwlrq
Sulydwl}dwlrq ri sxeolf dvvhwv dqg uhvsrqvlelolwlhv kdv jdlqhg frqvlghudeoh
prphqwxp lq d qxpehu ri frxqwulhv lq uhfhqw |hduv1 Wkh doorfdwlrq ri wdvnv
dprqj srwhqwldo vxssolhuv lv xvxdoo| uhvroyhg e| zd|v ri vrph vruw ri frpsh0
wlwlrq1 Lq pdq| lpsruwdqw fdvhv/ ghpdqg lv vwrfkdvwlf dqg vxssolhuv kdyh wr
frpplw wr elgv wkdw fryhuv doo srvvleoh uhdol}dwlrqv ri wrwdo ghpdqg1 Wkhuh
kdv dovr ehhq uhqhzhg lqwhuhvw lq dxfwlrqv/ lq sduwlfxodu lq pxowl0xqlw dxf0
wlrqv1 Pxfk ri wkh hduo| zrun lq wkh olwhudwxuh irfxvhg rq vlqjoh0xqlw dxfwlrqv/
z k l o hp d q |d x f w l r q vr il q w h u h v wd u hp x o w lx q l wr q h v 1 4 Lw wxuqv rxw wkdw wkhvh
wzr duhdv duh yhu| forvho| uhodwhg1 Lq wkh prgho ghyhorshg ehorz/ wkh uhvxowv
iru rqh vhwwlqj fdq eh uhlqwhusuhwhg iru wkh rwkhu1
Rqh h{dpsoh ri sulydwl}dwlrq lv ghuhjxodwlrq ri hohfwulflw| jhqhudwlrq1
Khuh/ wkh jhqhudwlqj xqlwv kdyh wr frpplw wr d vlqjoh elg wkdw fryhuv d
jlyhq qxpehu ri wlph shulrgv zkhq wkh shu shulrg +vd| krxuo|, ghpdqg iru
hohfwulflw| ydulhv zlwk frqglwlrqv h{rjhqrxv wr wkh lqgxvwu|5 +vxfk dv zhdwkhu
ru wlph ri gd|,1 Dqrwkhu h{dpsoh lv sulydwl}dwlrq ri sxeolf uhvsrqvlelolwlhv/
iru lqvwdqfh/ iru wkh hoghuo|1 Vxssrvh d orfdo jryhuqphqw lv uhvsrqvleoh iru
surylglqj d vhuylfh wr shrsoh ryhu wkh djh ri SD dqg zlvkhv wr vxefrqwudfw wr
sulydwh upv1 Dv wkh qxpehu ri hoghuo| zloo ydu| ryhu wlph/ sulydwh upv zloo
qhhg wr frpplw wr d sulfh iru doo olnho| txdqwlwlhv wkh dxwkrulwlhv pljkw zlvk
wr ghpdqg1 Dqrwkhu duhd zkhuh sulydwl}dwlrq kdv rffxuuhg lv wudvk froohfwlrq
dqg wkh sulydwl}dwlrq ri sulvrqv lq wkh X1V16
4Dxfwlrqv ri wkh dluzdyhv/ ri txrwd olfhqvhv dqg wuhdvxu| eloov duh h{dpsohv1
5Zh zloo qrw jr lqwr wkh hqruprxv olwhudwxuh lq wklv duhd1 Ghuhjxodwlrq ri hohfwulflw|
jhqhudwlrq kdv rffxuhg lq frxqwulhv vxfk dv Hqjodqg dqg Zdohv/ Qruzd|/ Qhz ]hdodqg/
dqg lv jdlqlqj jurxqg lq wkh X1V1 zkhuh d qxpehu ri vwdwhv/ lqfoxglqj Shqqv|oydqld/ duh
iroorzlqj wkh ohdg ri Fdoliruqld1 Dowkrxjk wkh plqlpxp h!flhqw vfdoh lv frqvlghudeo|
ehorz pdunhw vl}h/ wkhuh duh riwhq d vpdoo qxpehu ri ￿upv lq wkh jhqhudwlrq ri hohfwulflw|
zlwk vxevwdqwldo pdunhw srzhu1
6Kduw/ Vkohlihu dqg Ylvkq| +4<<9, srlqw rxw wkdw sulydwl}dwlrq pd| qrw eh ghvludeoh
zkhq frqwudfwv duh lqfrpsohwh dv sulydwh surylghu pd| xqghu vxsso| idfwruv/ vxfk dv
5Vlwxdwlrqv olnh wkhvh kdyh ehhq vwxglhg lq prghov zkhuh upv elg vxs0
so| ixqfwlrqv dqg wkh ex|hu fkrrvhv wkh vxssolhuv dqg wkh txdqwlwlhv wkh|
vxsso|1 Wkhvh doorfdwlrq jdphv duh hvvhqwldoo| pxowl0xqlw dxfwlrqv dqg vkduh
wkh sureohp ri pxowlsoh htxloleuld frpprq wr vxfk dxfwlrqv lq d frpsohwh
lqirupdwlrq vhwwlqj1 Wkh edvlf uhdvrq lv hylghqw iurp orrnlqj dw Iljxuh 
Vxssrvh wkdw wkh ex|hu zdqwv wr ex| ? xqlwv/ zklfk lv wkh vl}h ri wkh edvh
lq Iljxuh c dqg wkhuh duh wzr vhoohuv1 Wkh ohiw kdqg ruljlq lv wkdw ri Vhoohu
 dqg wkh uljkw kdqg rqh lv wkdw ri Vhoohu 2 Li wkh vxsso| ixqfwlrq elg e|
Vhoohu 2 lv jlyhq e| wkh fxuyh ((c Vhoohu  idfhv d grzqzdug vorslqj uhvlgxdo
ghpdqg zklfk lv lghqwlfdo wr ((1 Lq h{huflvlqj klv pdunhw srzhu kh zloo eh
ehvw r e| wu|lqj wr jhw wr vxsso| ￿- zkhuh klv pdujlqdo uhyhqxh fxuyh/
jlyhq e| (Tc dqg klv pdujlqdo frvw fxuyh/ jlyhq e| c lqwhuvhfw hdfk rwkhu1
Li wkh ex|hu/ iru h{dpsoh/ ex|v dw d xqlirup sulfh dw zklfk ghpdqg htxdov
vxsso|/ Vhoohu  fdq hqvxuh wkdw kh lv dzdughg ￿- xqlwv e| elgglqj @?+
xszdug vorslqj vxsso| fxuyh wkurxjk wkh srlqw 81 Krzhyhu/ wkh srvlwlrq ri
wkh vxsso| fxuyh rhuhg e| Vhoohu 2 ghshqgv rq wkh srvlwlrq dqg r@Re ri
wkh vxsso| fxuyh Vhoohu  rhuv1 Wkxv/ zlwk frpsohwh lqirupdwlrq dqg qr
xqfhuwdlqw|/ wkhuh duh d pxowlsolflw| ri htxloleuld lq vxfk jdphv71
Wkh vhohfwlrq sureohp lq wkh vxsso| frpshwlwlrq fdvh kdv ehhq uhvroyhg
e| lqwurgxflqj xqfhuwdlqw|81 Dv glhuhqw vxssolhv zloo eh ghvluhg iru glhu0
hqw vwdwhv ri wkh zruog/ xqghu fhuwdlq frqglwlrqv wkhvh fdq doo eh dwwdlqhg lq
htxloleulxp e| elgglqj d vlqjoh vxsso| ixqfwlrq1 Wklv jlyhv d qdwxudo zd|
txdolw|/ zklfk duh kdug wr frqwudfw1
7Wkh dqdo|vlv ri pxowl xqlw dxfwlrqv lv dqdorjrxv1 Mxvw uhlqwhusuhw q dv wkh qxpehu
ri xqlwv iru vdoh dqg FF dv wkh ghpdqg fxuyh r￿huhg e| Ex|hu 4= Wkhq FF lv dovr wkh
uhvlgxdo vxsso| fxuyh idflqj Ex|hu 4 zkr wkhq fkrrvhv wkh ehvw srlqw iru klpvhoi dorqj
FF dqg r￿huv vrph ghpdqg fxuyh wkurxjk wklv srlqw1 Wklv h{huflvh ri pdunhw srzhu
uhvxowv lq zkdw lv fdoohg ghpdqg uhgxfwlrq lq wkh dxfwlrq vhwwlqj1 Djdlq wkhuh zloo eh
pdq| htxloleuld1 Vhh Nulvkqd dqg WudqØv ^43‘ iru pruh rq wklv1
8Lq d uhodwhg eudqfk/ wkh phqx dxfwlrq olwhudwxuh/ wkh vhohfwlrq sureohp kdv ehhq kdq0
gohg +dyrlghg, e| irfxvlqj rq wuxwkixo htxloleuld dv vxjjhvwhg e| Ehuqkhlp dqg Zklqvwrq
^5‘1
6ri slqqlqj grzq wkh vkdsh ri wkh vxsso| ixqfwlrq lq htxloleulxp1 Frqfhs0
wxdoo| wklv jrhv edfn wr Urevrq ^45`/ frqvlghudeo| jhqhudol}hg lq Nohpshuhu
dqg Ph|hu ^<`91 Lw kdv uhfhqwo| ehhq dssolhg wr hohfwulflw| vsrw pdunhwv/
iruhljq gluhfw lqyhvwphqwv/ dqg vwudwhjlf wudgh +vhh Juhhq dqg Qhzehu| ^9`/
Kddsdudqwd ^:`/ dqg Judqw dqg Txljjlq ^8`, uhvshfwlyho|1
Wkh Urevrq0Nohpshuhu0Ph|hu E-g dssurdfk ri orrnlqj dw vxsso|
ixqfwlrq htxloleulxp E78./ kdv ehhq xvhg odwho| lq ghvljqlqj wkh h{whq0
vlyh sulydwl}dwlrq surjudpv zlwklq xwlolwlhv erwk lq wkh XV dqg lq Hxursh1
Iru h{dpsoh/ wkh vhwxs xvhg lq wkh X1N1 lq wkh hohfwulflw| pdunhw lv hvvhqwldoo|
wkh rqh vwxglhg lq -g Krzhyhu/ htxloleuld lq vxsso| ixqfwlrqv dorqj wkh
olqhv ri -g kdyh d gudzedfn iurp wkh srlqw ri ylhz ri wkh hfrqrp| lq wrwr
dv wkh| duh qrw h!flhqw$ Lq htxloleulxp/ vxssolhuv elg deryh wkhlu pdujlqdo
frvw ixqfwlrqv dqg pdujlqdo frvwv ri surgxfwlrq duh qrw htxdol}hg dfurvv vxs0
solhuv1 Wkdw wkh vxssolhuv lqfuhdvh wkhlu elgv vwudwhjlfdoo| duh vxssruwhg e|
d uhvhqw hpslulfdo vwxg| iru wkh X1N1 +vhh Zroiudp ^49`,1 Wkh srwhqwldoo|
zlghvsuhdg xvh ri vxsso| ixqfwlrq elgglqj pdnhv wklv doo wkh pruh fulwlfdo1
Lq Vhfwlrq 2 zh sursrvh d vlpsoh frqwudfw ghvljq wr uhjxodwh wkh sd|phqw
dqg doorfdwlrq ehwzhhq wkh vxsso|lqj upv +wkh jhqhudwlqj frpsdqlhv ru
vhoohuv, dqg wkh ex|lqj erg| +wkh glvsdwfkhu ru ex|hu,1 Lq frqwudvw wr wkh
-g dvvxpswlrq wkdw wkh pdunhw sulfh lv ghwhuplqhg e| ghpdqg htxdoolqj
vxsso|/ zh dvvxph wkdw wkh ex|hu lv dovr d sod|hu/ lq wkdw kh fkrrvhv klv
vxssolhuv wr plqlpl}h klv frvw1: Wklv vhhpv d yhu| qdwxudo dvvxpswlrq zkhq
wkhuh lv d vlqjoh ex|hu ri wkh ? xqlwv1 Zh vxjjhvw wkdw upv eh doorzhg wr
elg wkh iroorzlqj w|sh ri qrq0olqhdu elg ixqfwlrqv= d pdujlqdo sulfh iru hdfk
dgglwlrqdo xqlw vxssolhg/ dv zhoo dv d {hg sd|phqw/ d erqxv/ dv d ixqfwlrq
ri wkh wrwdo ghpdqg1 Wkh uvw lv ri frxuvh mxvw dqrwkhu zd| ri vshfli|lqj
d vwdqgdug vxsso| vfkhgxoh/ doorzlqj wkh vxssolhu wr frqglwlrq wrwdo vxsso|
9Wkhlu dssurdfk lv lqwlpdwho| uhodwhg wr wkh olwhudwxuh rq frqvlvwhqw frqmhfwxuhv +Vhh
Euhvqdkdq ^6‘ dqg Wxuqexoo ^47‘,1
:Vhh Edoljd/ Frufkrq/ dqg Vmrvwurp ^4‘ iru pruh rq wkh wrslf ri wkh sodqqhu dv d sod|hu1
7rq wkh sulfh1 Wkh vhfrqg sduw/ wkh erqxv/ lv doorzhg wr ghshqg rq zkhwkhu
ghpdqg lv kljk ru orz/ l1h1/ zkhwkhu wlphv duh jrrg ru edg1 Lq Vhfwlrq  zh
vkrz wkdw lq htxloleulxp/ vxssolhuv xvh rqo| wkh erqxv vwudwhjlfdoo| wr udlvh
surw/ qrw wkh yduldeoh sd|phqw/ vr wkdw wkh doorfdwlrq ri wkh txdqwlwlhv lv
h!flhqw hyhq zlwk d vpdoo qxpehu ri vxssolhuv1
Wkh prwlydwlrq ehklqg sulydwl}dwlrq lv wr hqfrxudjh frpshwlwlrq uhvxowlqj
lq hqkdqfhg h!flhqf|/ orzhu frvwv/ orzhu sulfhv dqg surwv1 Zkhq wkh vxs0
solhuv frpshwh lq vwdqgdug vxsso| ixqfwlrqv qhlwkhu h!flhqf| qru }hur surwv
lv dfklhyhg1 Zkhq wkh| frpshwh lq wkh elg ixqfwlrqv vxjjhvwhg khuh/ zh jhw
h!flhqf|/ exw zkloh pdujlqdo frvwv ri surgxfwlrq duh htxdol}hg dfurvv vxs0
solhuv/ wkh upv vwloo uhfhlyh srvlwlyh surwv1; Wklv lv wkh vxemhfw ri Vhfwlrq
e
Rxu uhvxow uhodwhv wr Ylfnuh| d48o Iru hdfk uhdol}dwlrq ri wkh udqgrp
ghpdqg/ hdfk vxssolhu gholyhuv wkh vdph txdqwlw| dqg uhfhlyhv wkh vdph wrwdo
sd|phqw dv lq wkh phfkdqlvp vxjjhvwhg e| Ylfnuh| d48o1 Wkh Ylfnuh| vfkhph
fdq eh wkrxjkw ri dv kdylqj wkh vxssolhuv rhu xszdug vorslqj pdujlqdo
sulfh ixqfwlrqv1 Jlyhq wkh pdujlqdo sulfh ixqfwlrqv rhuhg/ wkh ex|hu pxvw
doorfdwh rxwsxw wr wkh vxssolhu zlwk wkh orzhu pdujlqdo sulfh/ dqg iru hdfk
xqlw/ sd| wkh vxssolhu wkh pdujlqdo sulfh dvnhg iru e| wkh rwkhu vxssolhu1
Wklv pdnhv lw d grplqdqw vwudwhj| iru hdfk vxssolhu wr elg klv wuxh pdujlqdo
frvw dv klv pdujlqdo sulfh1 Wkh rxwfrph dqg wrwdo sd|phqwv +zklfk htxdo
wkh pdujlqdo frvw soxv zkdw zh fdoo wkh Ylfnuh| erqxv, wr vxssolhuv xqghu
wklv lpsohphqwdwlrq vfkhph duh wkh vdph dv wkrvh lq wkh jdph zh sursrvh1
Krzhyhu/ wkhuh lv qr uhdvrq iru wkh ex|hu wr zdqw wr iroorz wkhvh uxohv vr wkdw
wkhuh lv d fuhglelolw| sureohp1 Lq rxu vhwwlqj lq frqwudvw/ wkh ex|hu phuho| dfwv
lq klv rzq lqwhuhvw dv kh lv dovr d sod|hu1 Lq Ylfnuh|*v zrun/ wkh vxssolhuv
;Li frqvlghuhg h{fhvvlyh/ zh dujxh odwhu/ wkhvh sur￿wv fdq eh uhgxfhg e| dvnlqj iru dq
hqwu| ihh iurp wkh vxssolhuv1 Krzhyhu/ wr wkh h{whqw wkdw wkhuh duh olnho| wr eh odujh ￿{hg
frvwv lqyroyhg lq wkh jhqhudwlrq lqgxvwu|/ wkh| qhhg wr eh fryhuhg e| sur￿wv dw wklv vwdjh
wr nhhs lqyhvwphqw iurp gu|lqj xs1
8uhfhlyh d sulfh shu xqlw htxdo wr wkhlu wuxh pdujlqdo frvwv/ soxv d erqxv/
zkrvh frpsxwdwlrq lv sduw ri wkh phfkdqlvp ghvljq dqg khqfh h{rjhqrxv wr
wkh vwudwhjlf lqwhudfwlrq1 Lq rxu fdvh/ lq frqwudvw/ wkh vxssolhuv elg lv pdgh
xs ri d erqxv uhtxhvw ixqfwlrq dqg d vxsso| ixqfwlrq1 Zh vkrz wkdw li wkh
ex|hu plqlpl}hv wkh frvw ri klv sxufkdvhv/ wkhq wkh htxloleulxp erqxvhv lq
wklv jdph duh h{dfwo| wkh Ylfnuh| erqxvhv iru hdfk vhoohu1
Rxu uhvxowv wudqvodwh gluhfwo| wr wkh pxowl0xqlw dxfwlrq zkhuh wkhuh lv d
vlqjoh vhoohu ri ? +zklfk lv vwdwh ghshqghqw, xqlwv dqg pdq| ex|huv> zkhuh wkh
vhoohu fkrrvhv wkh doorfdwlrqv/ jlyhq wkh elgv/ wr pd{lpl}h klv uhyhqxh1 Lqwur0
gxflqj xqfhuwdlqw| derxw wkh vl}h ri ?/ lq wklv vhwwlqj/ dqg doorzlqj elgghuv
wr dvn iru d {hg ihh zklfk ghshqgv rq wkh vwdwh dqg rhu d pdujlqdo sulfh iru
hdfk dgglwlrqdo xqlw uhvxowv lq elgghuv elgglqj wkhlu wuxh pdujlqdo ydoxdwlrqv
dqg dvnlqj iru wkhlu Ylfnuh| erqxv iru hdfk ydoxh ri ?1 Wkh lqlwldwhg uhdghu
zloo uhfdoo wkdw wklv lv wkh vdph rxwfrph dv wkdw jlyhq e| xvlqj wkh wuxwkixo
htxloleulxp uhqhphqw EA.- sursrvhg e| Ehuqkhlp dqg Zklqvwrq ^5` wr
slfn dprqj wkh pxowlsolflw| ri Qdvk htxloleuld wkdw h{lvw zlwkrxw xqfhuwdlqw|1
Wkh A.-uhtxluhv hdfk elgghu wr elg lq d pdqqhu wkdw pdnhv klp lqglhuhqw
wr wkh dfwxdo doorfdwlrq pdgh wr klp1 Lq frqwudvw/ rxu uhvxowv lpso| wkdw wklv
vdph rxwfrph rewdlqv zlwkrxw qhhglqj dq| vxfk uhqhphqw iru hdfk ydoxh ri
? lq wkh xqltxh Qdvk htxloleulxp li elgghuv duh doorzhg wr elg wkh wzr sduw
ixqfwlrqv zh vxjjhvw1
Ilqdoo|/ zh vkrz wkdw wkh surgxfwlrq h!flhqf| uhvxow uhpdlqv zkhq zh
dvvxph wkdw wkh ex|hu +vhoohu, fdq ghflgh krz pxfk wr ex| dqg zlvkhv wr
pd{lpl}h vxusoxv +vhoo, ru zkhq zh ohw wkh vxssolhuv +elgghuv lq dq dxfwlrq,
phujh +irup elgglqj ulqjv,1 Krzhyhu/ wkh ex|hu*v +vhoohu*v, ghflvlrq uhjduglqj
krz pxfk wr ex| +vhoo, lv qrw h!flhqw dv glvfxvvhg lq Vhfwlrq D1E r w k d
vxevlg| dqg sulfh uhjxodwlrq duh qhhghg wr fruuhfw wklv glvwruwlrq1 Lq Vhfwlrq
S zh orrn dw phujhuv +ru wkh irupdwlrq ri elgglqj ulqjv, dqg vkrz wkdw d
phujhu udlvhv wkh frvw idflqj wkh ex|hu dqg wklv whqgv wr uhgxfh vdohv zkhq
9w k hg h p d q gl vs u l f hg h s h q g h q w 1V h f w l r q.frqwdlqv vrph qdo wkrxjkwv1
5 Wkh Vxsso| Elgglqj Jdph
Wkhuh lv rqh ex|hu zlwk d vwdwh ghshqghqw ghpdqg/ ?Ewc zkhuh w ghqrwhv
wkh vwdwh1 Wkh ex|hu*v ydoxdwlrq lv qrw lpsruwdqw dw wklv vwdjh/ dv orqj dv
lw lv kljk hqrxjk iru klp wr zdqw wkh xqlwv kh lv elgglqj iru lq vslwh ri
wkh sulfh kh sd|v<1 Wkh vhw ri vxssolhuv duh ghqrwhg e|  dqg zh dvvxph
wkhuh duh 6 ri wkhp/ hdfk ri zkrp idfh surgxfwlrq frvwv ￿E^( ￿E lv wzlfh
frqwlqxrxvo| glhuhqwldeoh/ zlwk ￿
￿E : f dqg ￿￿
￿ E : f Hdfk vxssolhu
rhuv d elg ixqfwlrq ryhu dfc?o zkhuh ?  ?Ew lv d udqgrp yduldeoh zlwk
vwulfwo| srvlwlyh ghqvlw| hyhu|zkhuh rq wkh vxssruw 1 Zh uhvwulfw d elg wr
frqvlvw ri d sd|phqw A￿E^￿c vroho| ghshqglqj rq wkh txdqwlw| vxssolhg ^￿c
dqg dq dgglwlrqdo sd|phqw 7￿E?c lqghshqghqw ri wkh txdqwlw| vxssolhg/ exw
frqwlqjhqw rq wkh wrwdo sxufkdvh/ ?c e| wkh ex|hu1 Vr ￿E^￿c?'A ￿E ^ ￿n7￿E?
vshflhv wkh wrwdo sulfh dv d ixqfwlrq ri ^￿ dqg hdfk ? lq 1R i f r x u v h / l i
qrwklqj lv ghpdqghg iurp wkhp wkh| rewdlq qr erqxv ru rxwsxw frqwlqjhqw
uhyhqxh/ vr zh uhtxluh wkdw ￿Efc? 'f 1
Wkh wlplqj ri wkh jdph lv ghslfwhg lq wkh wlph olqh jlyhq lq Iljxuh 2
Iluvw wkh ex|hu ghflghv rq krz pxfk lw zloo ex| lq hdfk vwdwh1 Zh wdnh wklv
dv h{rjhqrxv xqwlo odwhu rq1 Wkhq wkh 6 vxssolhuv vxeplw wkhlu elg ixqfwlrqv
vlpxowdqhrxvo|1 Diwhu wklv wkh vwdwh lv uhdol}hg dqg qdoo|/ wkh ex|hu ghflghv
krz pxfk wr ex| iurp zkrp/ vr dv wr plqlpl}h klv wrwdo sd|phqw iru wkh
?Ew xqlwv kh zdqwv wr ex|1 Wkurxjkrxw zh pdnh wkh iroorzlqj dvvxpswlrq
wr hqvxuh xqltxhqhvv ri wkh htxloleulxp1
Dvvxpswlrq 4= Wkh glvwulexwlrq ri vkrfnv lv vxfk wkdw ?Ew lv glvwulexwhg
ryhu dfc4o1
<Wklv pd| vrxqg vwudqjh dv klv ydoxdwlrq ghwhuplqhv krz pdq| xqlwv kh zdqwv dqg zh
dgguhvv wklv odwhu rq1
:6 Vxsso| Htxloleulxp
Wkh vxsso| elgglqj jdph mxvw ghvfulehg kdv vrph dwwudfwlyh surshuwlhv1 Zh
zloo uvw surylgh dq lqwxlwlyh dujxphqw edvhg rq d gldjudp/ iru zk| d sdu0
wlfxodu vwudwhj| lv d Qdvk Htxloleulxp dqg wkhq dujxh pruh irupdoo| wkdw lw
lv wkh rqo| Qdvk Htxloleulxp1 Wkh dujxphqw lv pdgh xvlqj Iljxuh  Iru
vlpsolflw| vd| wkhuh duh mxvw wzr upv1 Wkh ruljlq iru Ilup  lv dw wkh ohiw
dqg iru Ilup 2 lv rq wkh uljkw dv ghslfwhg1 Wkh ohqjwk ri wkh edvh jlyhv wkh
qxpehu ri xqlwv wkh glvsdwfkhu ghpdqgv1
Zh ghslfw rhuv ri wkh nlqg A￿E^￿n7￿E? dv iroorzv> A￿E^￿ lv wrwdo yduldeoh
elg e| Ilup  dqg vr htxdov wkh duhd xqghu wkh fxuyh c zklfk jlyhv wkh
pdujlqdo sulfh1 Vxssrvh wkdw Ilup 2 kdv rhuhg wkh pdujlqdo sulfh fxuyh
((43 Zkdw lv rswlpdo iru Ilup q I l u v wq r w l f hw k d wl iI l u p2kdv rhuhg wkh
fxuyh (( dv lwv pdujlqdo sulfh/ (( dfwv olnh wkh uhvlgxdo pdujlqdo uhyhqxh
fxuyh idflqj Ilup  Rqo| e| fkdujlqj d sulfh ehorz Ilup 2￿r pdujlqdo sulfh
zloo Ilup  eh deoh wr vhoo wkh xqlw lq txhvwlrq wr wkh ex|hu dv kh lv plqlpl}lqj
wkh frvw ri dftxlulqj ? xqlwv1 Li Ilup ￿r pdujlqdo frvw fxuyh lv c wkhq
Ilup  zloo rqo| zdqw wr vhoo ￿g xqlwv vlqfh dw wklv srlqw lwv pdujlqdo frvw
htxdov wkh pdujlqdo sulfh rhuhg e| Ilup 21 Pruh wkdq wklv zrxog lqyroyh
vhoolqj wkh h{wud xqlwv dw d orvv1 Fhuwdlqo|/ wkhuh duh dq lqqlwh qxpehu ri
fxuyhv zklfk hqvxuh wklv= qdpho| doo fxuyhv zklfk duh xszdug vorslqj dqg
jrlqj wkurxjk wkh srlqw . Lw fdq udlvh lwv dvnlqj sulfh dv idu dv srvvleoh dqg
vhoo g xqlwv e| rhulqj d fxuyh mxvw xqghu (( xs wr g xqlwv dqg deryh ((
iru pruh wkdq g xqlwv1 Wkdw lv/ lw rqo| kdv wr rhu d pdujlqdo sulfh voljkwo|
ehorz wkh rqh rhuhg e| Ilup 2 wr jhw wr vhoo lwv ghvluhg rxwsxw ohyho1 Khqfh/
lq uhvsrqvh wr dq rhu e| Ilup 2 ri ((c Ilup  f d qp d n hs u r  w vh t x d ow rw k h
duhd ehwzhhq (( dqg lwv pdujlqdo frvw fxuyh c xs wr wkh rxwsxw ohyho g
Wkhvh surwv htxdo wkh duhd 7￿ Qrwh wkdw Ilup  fdq pdnh h{dfwo| surwv
43Lq jhqhudo/ zh rqo| qhhg wr hqvxuh wkdw wkhuh lv d vlqjoh furvvlqj iru doo ydoxhv ri Q=
;ri 7￿ li lw rhuv d pdujlqdo sulfh htxdo wr lwv pdujlqdo frvwv dqg dvnv iru d
erqxv ri 7￿
Krzhyhu/ ? lv udqgrp1 Li Ilup  r  h u vd q |f x u y hr w k h uw k d ql w vw u x h
pdujlqdo frvw fxuyh/ lw zloo qrw eh vhoolqj lwv rswlpdo rxwsxw ohyho iru hyhu|
uhdol}dwlrq ri ? Khqfh rhulqj wkh wuxh pdujlqdo frvwv dv wkh pdujlqdo sulfh
dqg dvnlqj iru d erqxv fruuhvsrqglqj wr 7￿E? iru hdfk uhdol}dwlrq ri ? hq0
deohv klp wr dwwdlq wklv pd{lpxp surw iru hdfk uhdol}dwlrq144 Qrwh wkdw
pd{lpl}lqj h{shfwhg surw uhtxluhv pd{lpl}lqj surwv vwdwh e| vwdwh khuh1
Ilup ￿r pdujlqdo frqwulexwlrq wr wkh sureohp lq htxloleulxp lv lwv Ylfn0
uh| erqxv1 Rxu pdlq uhvxow lv wkdw lq htxloleulxp hdfk up zloo rhu lwv wuxh
pdujlqdo frvwv dv lwv pdujlqdo sulfh dqg dvn iru lwv Ylfnuh| erqxv1 Lw zloo
qrw dvn iru ohvv dv lw fdq gr ehwwhu e| dvnlqj iru pruh1 Lw zloo qrw dvn iru
pruh/ vlqfh li lw grhv/ lw zloo eh holplqdwhg iurp frqvlghudwlrq e| wkh ex|hu
dqg pdnh qrwklqj1 Li rqh up dvnv iru pruh/ ru dvnv iru d juhdwhu lqfuhphqw
wkdq wkh rwkhu/ wkhq rqo| lwv ulydo zloo vhuyh wkh pdunhw dqg wklv up zloo
pdnh qr surwv vr wkdw wklv lv grplqdwhg1 Zkdw li erwk upv dvn iru dq
htxdo lqfuhphqwB Li Ilup 2 dvnv iru lwv pdujlqdo frvwv dqg dv d erqxv dvnv
iru 72E?n"c dqg up  dvnv iru lwv pdujlqdo frvwv dqg d erqxv ri 7￿E?n
"c wkhq li wkh ex|hu ex|v iurp J?,+ rqh up kh sd|v ohvv wkdq li kh ex|v
iurp erwk1 Khqfh/ wkh ex|hu ru glvsdwfkhu rqo| ex|v iurp rqh ri wkh upv1
Wklv/ krzhyhu/ phdqv wkdw wkh rwkhu zloo fxw klv erqxv uhtxhvw dqg eh wkh
fkrvhq rqh/ dqg vr qr srvlwlyh " fdq eh pdlqwdlqhg lq htxloleulxp1 Wkxv/
e| uhvwulfwlqj upv wr elgglqj d wzr sduw sulfh ixqfwlrq dv grqh deryh/ zh
hqvxuh h!flhqf|1 Qrwh wkdw wkh glvsdwfkhu ex|v iurp wkh wzr upv vr wkdw
wkhlu pdujlqdo sulfhv duh htxdol}hg1 Dv wkhvh duh dovr wkhlu pdujlqdo frvwv/
zh kdyh h!flhqf|1 Qrwh wkdw wklv jlyhv d up wkh vdph surwv dv lw frxog
44Wkh uroh ri Dvvxpswlrq 4 ehfrphv dssduhqw1 Li doo q lq Q duh qrw rswlpdo iru d
vxssolhu iru vrph vwdwh ￿> qr pdwwhu krz xqolnho| wkh vwdwh/ wkhq kh zrxog qrw fduh derxw
wkh vkdsh ri wkh ixqfwlrq kh r￿huhg lq vxfk uhjlrqv1 Wklv lq wxuq frxog fdxvh pxowlsoh
htxloleuld wr h{lvw1
<pdnh li lw zdv doorzhg wr rhu d vwdwh frqwlqjhqw pdujlqdo sulfh ixqfwlrq1
Wkhruhp 4 Li Dvvxpswlrq  krogv wkhq wkh vxsso| elgglqj jdph kdv d xqltxh
Qdvk htxloleulxp1 Wklv frqvlvwv ri hdfk vxssolhu dvnlqj iru d yduldeoh sd|phqw
zklfk htxdov klv surgxfwlrq frvwv/ dqg d {hg rqh zklfk htxdov klv Ylfnuh|
erqxv1 Dv ￿E^￿c?' ￿ E ^ ￿ n 7￿E? lq htxloleulxp/ wkh ex|hu doorfdwhv ru0
ghuv vr wkdw pdujlqdo frvwv duh htxdol}hg dqg wkxv wkh vhuylfh lv surylghg
h!flhqwo|1
oJJs= Iru hdfk uhdol}dwlrq ri wkh udqgrp yduldeoh wc wkh ex|hu ex|v
?Ewc dqg sxwv wrjhwkhu klv wrwdo sxufkdvh iurp wkh glhuhqw vxssolhuv vr dv
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^￿ ' ?c ^￿  fc' cc6
Zh uvw ghulyh wkh kljkhvw |J|@, RoSe vxssolhu  fdq rewdlq iru gholyhulqj
d jlyhq dprxqw ^￿c jlyhq elgv rhuhg e| doo rwkhu vxssolhuv/ 3￿ Djdlq wkh
ex|hu sxwv wrjhwkhu wkh sxufkdvh ri ?  ^￿ iurp doo vxssolhuv exw c vr dv
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^￿ n ^￿ ' ?c ^￿  fc' cc6
zkhuh ^3￿ lv wkh doorfdwlrq yhfwru iru doo vxssolhuv exw  Ohw wkh ydoxh ixqfwlrq
iru wklv sureohp eh ghqrwhg -3￿E?  ^￿c zklfk wkhq ghqhv wkh plqlpl}hg
43wrwdo frvw ri rewdlqlqj wkh ?  ^￿ xqlwv gholyhuhg e| wkh vxssolhuv lq 3￿1E |
wkh Ehujh pd{lpxp wkhruhp -3￿E lv frqwlqxrxv1 Vlploduo|/ -3￿E? jlyhv
wkh plqlpl}hg frvw ri rewdlqlqj ? xqlwv zkhq doo ? xqlwv wr eh rewdlqhg pxvw
frph iurp wkh vxssolhuv lq 3￿1O h w  ￿ E ^ ￿ '- 3 ￿E ?  - 3 ￿E ?^ ￿ Qrwh
wkdw iurp wkh hqyhorsh wkhruhp/ -￿
3￿E?  ^￿c w k hf k d q j hl q- 3 ￿E ?^ ￿dv
^￿ idoov/ lv wkh vkdgrz frvw ri rewdlqlqj dq dgglwlrqdo xqlw iurp wkh vhoohuv
lq 3￿1 Wklv htxdov wkh pdujlqdo sulfh dvnhg iru e| hdfk ri wkh vxssolhuv
iurp zkrp vrph xqlwv duh sxufkdvhg gxh wr wkh qhfhvvdu| frqglwlrqv iru
plqlpl}dwlrq ri wkh ex|huv sd|phqwv1 Ri frxuvh/ vhfrqg rughu frqglwlrqv iru
d plqlpxp uhtxluh wkdw wklv pdujlqdo sulfh eh ulvlqj vr wkdw -￿￿
3￿E?^￿ : f
Wkxv/ dv  ￿
￿E^￿'- ￿
3 ￿E ?^ ￿ cdqg  ￿￿
￿ E^￿' - ￿￿
3￿E?  ^￿ 	 fc ￿E ^ ￿lv
frqfdyh1
Qrz e| rhulqj d elg mxvw ehorz ￿E^￿ iru dq| sduwlfxodu ydoxh wdnhq e|
^￿c dqg vrph elg deryh ￿E^￿ rwkhuzlvh/  fdq hqvxuh wkdw kh vxssolhv ^￿
xqlwv dqg pdnhv dv pxfk dv srvvleoh grlqj vr1 Khqfh ￿E^￿ fdq eh wkrxjkw
ri dv wkh ehvw wrwdo sulfh vxssolhu  fdq jhw iurp vhoolqj ^￿ xqlwv1
Qh{w zh dvn krz pdq| xqlwv  vkrxog dlp iru1 Lq hhfw/ vxssolhu 
pd{lpl}hv klv surw
￿E^￿' ￿E ^ ￿ ￿E ^ ￿ 
Ohw ^W
￿E? ghqrwh wkh ydoxh ri ^￿ wkdw pd{lpl}hv ￿E^￿/ jlyhq wkh elgv
ri wkh vxssolhuv 3￿ dqg jlyhq wkdw wkh vwdwh ri wkh zruog lv ?1 Zh vxs0
suhvv wkhvh dujxphqwv lq rxu qrwdwlrq iru frqyhqlhqfh1 W
￿E?' ￿E ^ W
￿E ?  lv
wkhuhiruh wkh pd{lpl}hg ydoxh ri wkh vxusoxv dydlodeoh wr ex|hu 1 ￿E^W
￿E?
lv frqglwlrqdo rq wkh elgv rhuhg e| wkh rwkhu vxssolhuv dqg lv fdoohg wkh
pdujlqdo frqwulexwlrq ri vhoohu 45
45Lw lv zruwk pdnlqj fohdu wkh gl￿huhqfh ehwzhhq wkh ￿pdujlqdo frqwulexwlrq￿ ri vxssolhu
m mxvw gh￿qhg dqg klv ￿Ylfnuh| erqxv￿1 Wkh odwwhu lv klv pdujlqdo frqwulexwlrq zkhq doo
rwkhu vxssolhuv duh elgglqj wkhlu pdujlqdo frvw dv wkhlu pdujlqdo sulfh1 Zh vkrz ehorz
wkdw iru hyhu| q> dqg dq| jlyhq elgv e| wkh rwkhu vxssolhuv lw lv d grplqdqw vwudwhj| wr dvn
iru wkh wuxh pdujlqdo frvw dv wkh pdujlqdo sulfh dqg wr dvn iru wkh pdujlqdo frqwulexwlrq
44Dv ￿E^￿ lv frqfdyh dqg ￿E^￿ lv dvvxphg wr eh vwulfwo| frqyh{/ ￿E^￿ lv
vwulfwo| frqfdyh1 Khqfh iru hdfk uhdol}dwlrq ri ?c +dqg elgv e| rwkhuv, wkhuh
lv d xqltxh ^W
￿E? wkdw pd{lpl}hv E^￿ Vr lq htxloleulxp  vhwv 7￿E?'
E^W
￿E? iru doo ? 5 1 Wkxv/ d ehvw uhso| +wr jlyhq elgv e| rwkhuv, ri
 zrxog eh wr elg W
￿E^￿c?' ￿ E ^ ￿ n ￿E ^ W
￿E ? ( W
￿E^￿c? lqyroyhv sulf0
lqj dw frvwv dqg dvnlqj iru d erqxv zklfk lv h{dfwo| htxdo wr wkh vxssolhuv*
pdujlqdo frqwulexwlrq1 Krzhyhu/ lq htxloleulxp/ doo vxssolhuv elg lq wklv pdq0
qhu/ qdpho| elgglqj wkhlu wuxh pdujlqdo frvwv dv wkhlu pdujlqdo sulfh1 Jlyhq
wkhvh elgv ri wkh vxssolhuv 3￿/ vxssolhu  fdqqrw gr ehwwhu wkdq W
￿E? zklfk
lv klv Ylfnuh| erqxv jlyhq wkh elgv e| doo rwkhuv1
Qrz/ frxog  gr htxdoo| zhoo e| rhulqj vrph elg rwkhu wkdq W
￿E^￿c?B
Wkh dqvzhu lv qr1 Zh vkrz wklv lq wzr vwhsv1 Iluvw zh vkrz wkdw/ jlyhq zkdw
rwkhuv duh dvnlqj/ li wkh vxssolhu rhuv dq|wklqj exw klv wuxh pdujlqdo frvwv
dv wkh pdujlqdo sulfh/ kh frxog gr ehwwhu1 Wkxv/ lw lv d grplqdqw vwudwhj| wr
dozd|v vhw wkh pdujlqdo sulfh dw pdujlqdo frvwv1 Vhfrqg/ zh fkhfn wkdw wkhuh
duh qr htxloleuld zkhuh doo vxssolhuv dvn iru pruh wkdq wkhlu Ylfnuh| erqxvhv
zkloh elgglqj wkhlu pdujlqdo frvwv dv wkhlu pdujlqdo sulfh1
41 Vxssrvh e| zd| ri frqwudglfwlrq wkdw Vxssolhu  kdv d ehvw uhso| elg
ixqfwlrq zkhuh A ￿
￿E 9' ￿
￿E lq d vpdoo qhljkerukrrg146 Wklv lv ghslfwhg
lq Iljxuh  zkhuh lq d qhljkerukrrg durxqg gc wkh pdujlqdo sulfh elg e|
Vxssolhu  idoov ehorz c zklfk ghslfwv wkh pdujlqdo frvw ri Vxssolhu 
Jlyhq wkh elgv ri doo rwkhu vxssolhuv/ zh kdyh wkh pdujlqdo sulfh ri ex|lqj
iurp wkhp ehlqj  ￿
￿E^￿ ghslfwhg e| ((47 Wkxv/ Vxssolhu  zloo eh dvnhg
+zklfk ghshqgv rq wkhvh rwkhu elgv, dv wkh ￿{hg ihh1 Wkh ￿{hg ihh dvnhg iru lq htxloleulxp
lv wkh Ylfnuh| erqxv1
46Li wkh uhjlrq durxqg N> lv qhyhu wkh fkrvhq doorfdwlrq iru dq| udqgrp vkrfn wkhq wklv
ghyldwlrq pdnhv qr gl￿huhqfh wr wkh sd|r￿v dv zkdw lv orvw lq rqh frpsrqhqw ri wkh elg
lv h{dfwo| jdlqhg lq wkh rwkhu1 Krzhyhu/ zh dvvxph wkdw wkh glvwulexwlrq ri vkrfnv lv vxfk
wkdw doo srlqwv duh d fkrvhq doorfdwlrq iru vrph vwdwh ri qdwxuh1
47Wklv lv wkh krul}rqwdo vxp ri wkh pdujlqdo elgv ri wkh rwkhu vxssolhuv frqvlghuhg e|
wkh ex|hu1
45wr vxsso| ￿A xqlwv1 Wklv ri frxuvh udlvhv wkh {hg sd|phqw ghpdqghg lq
wklv vwdwh e| Vxssolhu  wr wkh duhd 7￿n ~.` Krzhyhu/ qrwh wkdw wkh wrwdo
uhyhqxh +{hg dqg pdujlqdo frpsrqhqwv, Vxssolhu  f d qr e w d l qu h p d l q vw k h
v d p h /l wl vh { d f w o |w k hd u h dx q g h u(( iurp ￿ wr A Wkxv/ klv pdujlqdo
u h y h q x hl vj l y h qe |(( Krzhyhu/ iru wkh xqlwv ehwzhhq g dqg Ac pdujlqdo
frvw/ dorqj / h{fhhgv klv pdujlqdo uhyhqxh dqg vr kh frxog gr ehwwhu/ wr
wkh wxqh ri wkh vkdghg uhjlrq lq Iljxuh c e| uhsruwlqj klv wuxh pdujlqdo
frvw dqg dgmxvwlqj klv {hg ihh dffruglqjo|1 Dqdorjrxv dujxphqwv iru xvlqj
d pdujlqdo sulfh deryh wuxh pdujlqdo frvwv fdq dovr eh pdgh1
51 Frxog lw eh dq htxloleulxp wkdw iru vrph uhdol}dwlrq doo vxssolhuv
ghpdqg pruh wkdq wkhlu uhvshfwlyh W
￿E?￿ dv wkh {hg frpsrqhqwB Dvvxph
wkhuh h{lvw 7￿E?￿ : W
￿E?￿c7 2E? ￿: W
2E? ￿c76E?￿ : W
6E?￿ vxfk wkdw lw
lv dq htxloleulxp wkdw doo vxssolhuv elg ￿E^n7 ￿E ? ￿ 1 Krzhyhu/ ^W
￿cc^W
6 lv
qr orqjhu wkh doorfdwlrq ri vxsso| wkdw plqlpl}hv wkh ex|hu*v wrwdo sd|phqw
iru wkh ?￿ xqlwv1 Vxssrvh wkh ex|hu h{foxghv rqh ri wkh vxssolhuv/ vd| /
dqg ghpdqgv wkh ^W
￿ xqlwv iurp wkh vxssolhuv 3￿1 Uhfdoo wkdw vxssolhu 
ghpdqgv wkh sulfh ￿E^W
￿n7 ￿E ? ￿iru wkh ^W
￿ xqlwv/ zkloh wkh ^W
￿ xqlwv fdq eh
sxufkdvhg iurp wkh vxssolhuv 3￿ iru ￿E^W
￿' ￿E ^ W
￿n W
￿E ? ￿	 ￿E ^ W
￿n
7 ￿E ? ￿ 1V r ￿ E ^ n7 ￿E ? ￿lv qrw d ehvw uhso| iru ( Vxssolhu  z r x o gz l v kw r
uhgxfh 7￿E?￿ lq rughu wr eh lqfoxghg dqg jhw wr vxsso| d srvlwlyh dprxqw1
Ilqdoo|/ frxog lw eh dq htxloleulxp iru vrph uhdol}dwlrq ?￿ wkdw doo vxssolhuv
ghpdqg ohvv wkdq wkhlu uhvshfwlyh W
￿E?￿B Djdlq/ wkh dqvzhu lv qr> lq wkdw
fdvh d vxssolhu/ vd| / frxog udlvh klv erqxv voljkwo| dqg vwloo eh gholyhulqj ^W
￿
e h f d x v hw k he x | h u ve h v wd o w h u q d w l y hl vw re x |^ W
￿ dw wkh sulfh W
￿E?￿
Wkxv/ wkh xqltxh htxloleulxp frqvlvwv ri hdfk vxssolhu/ lqgh{hg e| c
elgglqj W
￿E^￿c?' ￿E ^ ￿n W
￿E ?  czklfk frqfoxghv rxu surri1
'.(
Wkxv/ lq wkh xqltxh htxloleulxp doo vxssolhuv rhu wkhlu pdujlqdo frvwv dv
wkhlu pdujlqdo sulfh dqg ghpdqg wkhlu Ylfnuh| erqxv iru hdfk uhdol}dwlrq ri
46? Qrwlfh wkdw wklv lv qrw d grplqdqw vwudwhj| htxloleulxp= Li/ iru h{dpsoh/
wkh rqo| rwkhu up dvnv iru d kxjh erqxv lq hdfk vwdwh dqg elgv klv pdujlqdo
frvw dv klv pdujlqdo sulfh/ lw zloo eh rswlpdo wr dvn iru d kxjh erqxv1 Krz0
hyhu/ wklv frxog qrw eh dq htxloleulxp dv vrph up zloo eh holplqdwhg iurp
frqvlghudwlrq e| wkh ex|hu dqg wkh holplqdwhg up zloo qg lw lq lwv lqwhuhvw
wr uhgxfh lwv elg wr eh frqvlghuhg1
Vlqfh doo vhoohuv rqo| dvn iru d erqxv htxdo wr wkhlu pdujlqdo frqwulexwlrq/
lq htxloleulxp li sulfh dw zklfk wkh krul}rqwdo vxp ri pdujlqdo frvwv htxdov
? lqyroyhv d srvlwlyh doorfdwlrq iru up &/ wkhq lwv erqxv zloo eh srvlwlyh1
Rwkhuzlvh lw zloo eh }hur dqg wkh up zloo qrw eh frpshwlwlyh1 Vlqfh elgv
duh wuxh frvwv soxv d frqvwdqw dqg wkh ex|hu fkrrvhv wkh vxssolhuv vr dv wr
plqlpl}h klv wrwdo sd|phqw/ kh pxvw eh htxdwlqj wkhvh pdujlqdo elgv dqg
khqfh plqlpl}lqj wkh frvwv ri surylglqj wkh ? xqlwv lq hdfk vwdwh1
Rxu uhvxow uhodwhv wr Ylfnuh| ^48` Iru hdfk ?c hdfk vxssolhu gholyhuv wkh
vdph txdqwlw| dqg uhfhlyhv wkh vdph wrwdo sd|phqw dv lq wkh phfkdqlvp
vxjjhvwhg e| Ylfnuh|1 Wkh txdqwlw| ehlqj wkh vdph iroorzv iurp erwk wkh
Ylfnuh| doorfdwlrq dqg wkh htxloleulxp doorfdwlrq lq rxu jdph ehlqj h!flhqw1
Lq rxu jdph/ wkh htxloleulxp surw ￿E^W
￿/ rewdlqhg e| vxssolhu c lv htxdo wr
wkh ex|huv* ehvw dowhuqdwlyh/ wkdw lv/ wkh sulfh wkh ex|hu zrxog kdyh kdg wr
sd| iru ￿r vxsso| kdg kh erxjkw lw iurp doo ex|huv exw  Wklv lv h{dfwo| wkh
ghqlwlrq ri wkh erqxv sd|phqw lq Ylfnuh|*v duwlfoh1 Qrwh wkdw wkh Ylfnuh|
erqxv wr d up lqfuhdvhv dv ? u l v h vd q gi d o o vd v6ulvhv1
7 Uhyhqxh dqg Frvw
Zh kdyh vxjjhvwhg d vlpsoh elgglqj jdph zklfk hqvxuhv h!flhqf|/ exw zkdw
derxw dyhudjh sulfhvB Ghshqglqj rq wkh vkdsh ri wkh vxssolhuv frvw ixqfwlrqv










Wklv lv ghslfwhg dv  @
￿E^￿ lq Iljxuh c zklfk olhv deryh wkh pdujlqdo sulfh
 ￿
￿E^￿1 Wkh htxloleulxp doorfdwlrq ^W
￿ lv zkhuh wklv pdujlqdo sulfh htxdov lwv
pdujlqdo frvw ri surgxfwlrq ghslfwhg e| ￿E^￿ lq Iljxuh  Vlqfh pdujlqdo
frvwv duh lqfuhdvlqj/ dyhudjh frvwv ri @S￿E^￿ olh ehorz wkhp1 Wkh dyhudjh













Wkxv/ wkh dyhudjh sulfh fdq eh kljkhu wkdq wkh pdunhw fohdulqj sulfh dqg hyhq
ixuwkhu deryh dyhudjh frvwv1 Li wkhuh duh rqo| d ihz vxssolhuv dqg pdujlqdo
frvwv duh vwhhs/ wkhq wkh dyhudjh sulfh fdq eh pxfk kljkhu wkdq dyhudjh frvwv1
Dowkrxjk wkhuh lv h!flhqf| lq surgxfwlrq/ surwv uhpdlq lq wkh kdqgv ri
vxssolhuv1 Wkhvh zloo eh kljk li pdujlqdo frvwv ri doo rwkhu upv sxw wrjhwkhu
duh vkduso| lqfuhdvlqj dqg frxog eh orz rwkhuzlvh1 Li wkh surwv hduqhg duh
frqvlghuhg h{fhvvlyh/ wkh| fdq eh uhgxfhg e| dvnlqj iru dq hqwu| ihh iurp
wkh vxssolhuv1 Krzhyhu/ uhfdoo wkdw wkhuh duh odujh {hg frvwv lqyroyhg lq wkh
jhqhudwlrq lqgxvwu|1 Wkhvh frvwv qhhg wr eh fryhuhg e| surwv lq rughu wr
nhhs lqyhvwphqw iurp gu|lqj xs1 Wkxv/ d zd| ri suhyhqwlqj lqruglqdwho| odujh
surwv zrxog eh iru wkh Jryhuqphqw wr vhw dq hqwu| ihh mxvw odujh hqrxjk wr
nhhs surwv iurp ehlqj h{fhvvlyh1
Ghvslwh surgxfwlrq h!flhqf|/ zh zloo vhh wkdw wkh ex|huv fkrlfh ri ? lq
hdfk vwdwh lv xqolnho| wr eh h!flhqw1
8 Ghpdqg zlwk Uhjxodwhg Prqrsvrq|
Iluvw zh zloo orrn dw wkh fdvh zkhuh wkhuh lv rqo| rqh glvsdwfkhu zkr sxufkdvhv
iurp wkh jhqhudwlqj upv dqg vhoov wr frpshwlwlyh qdo xvhuv ri hohfwulflw|1
Wkh ghpdqg ri wkhvh qdo xvhuv lv d udqgrp yduldeoh/ vd| lw ydulhv zlwk
48pdfurhfrqrplf frqglwlrqv1 Hdfk uhdol}dwlrq ri ghpdqg rq wkh sduw ri wkhvh
qdo xvhuv jlyhv d ghpdqg fxuyh idflqj wkh prqrsrolvw glvsdwfkhu1 Dvvrfldwhg
zlwk hdfk ghpdqg fxuyh lv d pdujlqdo uhyhqxh fxuyh dv ghslfwhg lq Iljxuh e
Zkdw duh wkh frvwv wr wkh glvsdwfkhu ri sxufkdvlqj ? xqlwvB Zhoo/ zh mxvw





zkhuh E? uhsuhvhqwv wkh plqlpl}hg wrwdo frvwv ri ? dqg htxdov wkh wrwdo
frvw ri surgxfwlrq e| doo vxssolhuv dqg khqfh htxdov wkh duhd xqghu wkhlu
pdujlqdo frvw fxuyhv> ohw
S6
￿’￿ 7￿E?' WE ?  1 Pdujlqdo frvwv fruuhvsrqglqj
wr wkhvh wrwdo frvwv duh ghslfwhg lq Iljxuh e e| ￿E? Wkh glvsdwfkhu zlvkhv wr










￿E ?  
Lq rwkhu zrugv kh fkrrvhv ? zkhuh wkh wzr fxuyhv lqwhuvhfw dw ?￿Ew lq
Iljxuh e Qrwlfh wkdw wklv lv vrfldoo| vxerswlpdo1 Iluvw wkhuh lv wkh prqrsro|
glvwruwlrq iurp kdylqj d vlqjoh vhoohu lq wkh qdo surgxfw pdunhw zklfk fdxvhv
d glyhujhqfh ehwzhhq vrfldo dqg sulydwh ehqhw dv ghpdqg h{fhhgv pdujlqdo
uhyhqxh1 Vhfrqg/ dv 7
￿
￿E? lv srvlwlyh/ sulydwh pdujlqdo frvwv h{fhhg vrfldo
pdujlqdo frvwv ri ￿E? Khqfh/ dowkrxjk hohfwulflw| lv ehlqj surgxfhg hi0
flhqwo| +ghvslwh vpdoo qxpehuv lq wkh jhqhudwlqj pdunhw,/ wkh glvwruwlrq
dulvlqj iurp wkh vhoohu kdylqj wr sd|
S6
￿’￿ 7￿
￿E? pruh wkdq wkh pdujlqdo
surgxfwlrq frvwv fdxvhv klp wr ghpdqg wrr olwwoh1
Li zh uhjxodwhg wkh prqrsrolvw wr wdnh sulfh dv jlyhq/ zh frxog e| vhwwlqj
wkh sulfh dw  -￿Ew/ jhw klp wr ex| ?-￿Ew1 Krzhyhu/ wkhuh zrxog vwloo
eh wkh glvwruwlrq gxh wr wkh vhoohu kdylqj wr sd|
S6
￿’￿ 7￿
￿E? pruh wkdq wkh
pdujlqdo surgxfwlrq frvwv1 Wkxv/ rqo| li d shu xqlw vxevlg| ri rEw zhuh jlyhq
lq dgglwlrq wr uhjxodwlrq/ ru wkh ex|hu*v {hg sd|phqwv zhuh sdlg iru e| wkh
49jryhuqphqw/ zrxog wkh uvw ehvw rxwsxw ri ?.Ew rffxu1 Uhjxodwlqj wkh sulfh
lq wkh qdo jrrg pdunhw lv qrw hqrxjk wr jhw wkh uvw ehvw1
9P h u j h u v
Lq wklv vhfwlrq zh orrn dw wkh lqfhqwlyhv iru phujhuv dqg wkhlu zhoiduh frqvh0
txhqfhv1 Zh vkrz wkdw doo phujhuv udlvh wkh mrlqw surwv ri wkh phujhg upv
vr wkdw wkhuh zloo eh lqfhqwlyhv iru phujhuv wr rffxu1 Krzhyhu/ dowkrxjk wkh
doorfdwlrq ri rxwsxw ehwzhhq upv uhpdlqv h!flhqw/ wkh frvw idflqj wkh ex|hu
ulvhv dqg wklv whqgv wr uhgxfh vdohv/ zklfk duh douhdg| wrr orz/ hyhq ixuwkhu1
Wkxv/ lq wkh devhqfh ri v|qhujlhv/ phujhuv duh kdupixo lq rxu vhwwlqj1 Frq0
yhuvho|/ euhdnlqj xs upv/ dv orqj dv wklv grhv qrw dgyhuvho| dhfw frvwv/ lv
ehqhfldo1
D qdwxudo ghqlwlrq ri zkdw rffxuv zlwk d phujhu h{lvwv lq rxu vhwwlqj1
Zkhq d jurxs ri upv phujh/ wkh| kdyh dffhvv wr wkhlu mrlqw surgxfwlrq
fdsdelolw|1 Khqfh/ wkh pdujlqdo frvwv ri d jurxs ri phujhg upv lv jlyhq e|
wkh krul}rqwdo vxp ri wkhlu pdujlqdo frvwv1 Wkxv/ rxu vhwxs grhv qrw kdyh wkh
vwudqjh uhvxowv dvvrfldwhg zlwk phujhuv lq vlpsoh roljrsro| vhwwlqjv vwxglhg
lq hduo| zrun rq wklv vxemhfw148 Zh dvvxph wkdw wkhuh duh qr frvw uhgxflqj
v|qhujlhv iurp wkh phujhu1 Qrz frqvlghu wkh hhfwv ri vxfk d phujhu/ vd|
ehwzhhq upv  dqg &/ rq wkhlu surwv lq htxloleulxp1 Qrz hyhq zlwk ihzhu
upv/ wkh doorfdwlrq ri rxwsxw ehwzhhq wkh upv lq htxloleulxp lv xqfkdqjhg
dv lw uhpdlqv h!flhqw= wkh phujhg up phuho| surgxfhv wkh frpelqhg rxwsxw
48Lq Vdodqw/ Vzlw}hu dqg Uh|qrogv ^46‘ iru h{dpsoh/ d phujhu lv vhhq dv vlpso| d uhgxfwlrq
lq wkh qxpehu ri ￿upv1 Wklv pdnhv phujhuv xqdwwudfwlyh li wkhuh duh pruh wkdq wzr ￿upv dv
d uhgxfwlrq lq wkh qxpehu ri ￿upv udlvhv wrwdo sur￿wv/ exw uhgxfhv wkrvh ri wkh phujhg ￿upv
xqohvv lw uhvxowv lq d prqrsro|1 Odwhu zrun/ vhh Shuu| dqg Sruwhu ^44‘/ xvhv d frqmhfwxudo
yduldwlrqv vhwxs wr h{dplqh wkh frqglwlrqv xqghu zklfk frpshwlwlyh ￿upv frdohvfh lqwr
grplqdqw roljrsrolvwv1 Wkh| wuhdwv phujhuv dv udlvlqj wkh fdslwdo ri wkh phujhg ￿up/
wkhuhe| fuhdwlqj d odujhu ￿up1 Iduuhoo dqg Vkdslur ^7‘> orrn dw phujhuv lq d Frxuqrw vhwxs
dqg doorz iru wkuhh vrxufhv ri h!flhqf| iurp phujhuv/ uhdoorfdwlrq ri rxwsxw/ ri fdslwdo/
dqg ohduqlqj1
4:ri upv  dqg & sulru wr wkh phujhu1 Wklv lv ghslfwhg lq Iljxuh D1W k hf x u y h
 ghslfwv wkh krul}rqwdo vxp ri doo wkh upv pdujlqdo frvw fxuyhv1 Wklv
lqwhuvhfwv wkh yhuwlfdo olqh dw ?/ wkh qxpehu ri xqlwv sxufkdvhg e| wkh ex|hu/
dw  Wklv jlyhv wkh pdujlqdo frvwv ri hdfk up lq htxloleulxp dqg khqfh
lwv rxwsxw dv pdujlqdo frvwv duh htxdol}hg dfurvv upv lq htxloleulxp1 Wkh
fxuyhv . dqg ( jlyh wkh krul}rqwdo vxp ri pdujlqdo frvwv zlwkrxw up
c dqg zlwkrxw up  dqg &c uhvshfwlyho|1 Wkxv/ wkh glvwdqfh  dqg 
jlyh wkh htxloleulxp rxwsxwv ri up  dqg & uhvshfwlyho|1





































Wkh glhuhqfh ehwzhhq wkh surwv hduqhg e| upv  dqg & ehiruh dqg diwhu
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Qrwh wkdw wkh olqh C lv  dwwhu wkdq ( dv lw kdv wkh vorsh ri wkh krul}rqwdo
vxp ri wkh pdujlqdo frvw fxuyhv zkhq rqo| up & lv rxw ri wkh slfwxuh/ qrw
erwk up  dqg & Lw lv hdv| wr vhh wkdw dv d uhvxow ri wklv frqvwuxfwlrq/
4;wkh duhd U(? lv odujhu wkdq wkh vxp ri wkh duhdv 8.? dqg UC8 Wkh
glhuhqfh lv wkh vkdghg duhd lq Iljxuh D Wkxv/ phujhuv duh dozd|v surwdeoh1
Dovr qrwh wkdw dv wkh krul}rqwdo vxp ri pdujlqdo frvw fxuyhv lq wkh devhqfh
ri up r 9' c& lv xqdowhuhg e| wkh phujhu/ dv lv wkh krul}rqwdo vxp ri doo
pdujlqdo frvw fxuyhv/ h{foxghg upv duh xqdhfwhg e| d phujhu iru jlyhq ?
Qrwh/ krzhyhu/ wkdw zkhq lw frphv wr fkrrvlqj ?c w k hk l j k h us u r  w vz l w kd
phujhu uhvxow lq d kljkhu ohyho ri frvwv dqg frvwv shu dgglwlrqdo xqlw idfhg
e |w k he x | h u 1W k l vo h d g vw rdo r z h uf k r l f hr i?lq hyhu| vwdwh1 Dv ghpdqg lv
douhdg| wrr orz/ rqh zrxog h{shfw dgyhuvh frqvhtxhqfhv iru zhoiduh/ dqg rq
wkh surwv ri upv h{foxghg iurp wkh phujhu dv d uhvxow ri wkh uhgxfwlrq lq ?
+vlqfh wkh Ylfnuh| erqxv lv lqfuhdvlqj lq ? Wklv rffxuv ghvslwh wkh devhqfh
ri dq| lqh!flhqf| lq wkh doorfdwlrq ri rxwsxw dfurvv up ehiruh ru diwhu wkh
phujhu1
Wudqvodwlqj wklv uhvxow lqwr wkh dqdorjrxv rqh iru pxowl0xqlw dxfwlrqv
vkrzv wkdw iruplqj elgglqj ulqjv/ zkhuh d jurxs ri ex|huv elgv mrlqwo| iru
doo wkh xqlwv wkh| qhhg/ zloo dozd|v eh ehqhfldo iru wkh elgghuv/ zlwkrxw
kduplqj ru khoslqj rwkhu elgghuv/ exw dw wkh frvw ri wkh vhoohu zkr hduqv
ohvv uhyhqxh dqg vr pd| fkrrvh wr dxfwlrq ihzhu xqlwv1 Wkh uhgxfwlrq lq wkh
qxpehu ri xqlwv vrog zloo uhgxfh wkh vxusoxv uhwdlqhg e| wkh h{foxghg elgghuv
dqg khqfh wkhlu zhoiduh1
:F r q f o x v l r q
Lq wklv sdshu zh kdyh rhuhg d vlpsoh ghylfh e| zklfk d udqgrp ghpdqg
fdq eh pdwfkhg +h{ srvw, h!flhqwo|1 Krzhyhu/ wklv frxog eh txlwh h{shqvlyh1
Wkh h{shqvh lv uhodwlyho| vpdoo li pdujlqdo frvwv gr qrw lqfuhdvh vkduso| zlwk
rxwsxw dqg frxog eh txlwh vljqlfdqw li frvwv ulvh vkduso|1 Lq hlwkhu fdvh/
vrph ri wkh dgglwlrqdo frvw frxog eh uhfryhuhg e| kdylqj dq hqwu| ihh1 Zh
dovr vkrz wkdw lq rxu vhwwlqj/ phujhuv duh dozd|v surwdeoh dqg zkloh wkh|
4<gr qrw dhfw wkh surwv ri qrq phujlqj upv/ ru fdxvh dq| lqh!flhqf| lq
surgxfwlrq/ wkh| gr udlvh frvwv wr wkh ex|hu dqg vr uhgxfh ghpdqg zklfk lv
douhdg| wrr orz1 Ilqdoo|/ zh vkrz wkdw rxu prgho fdq eh uhlqwhusuhwhg dv d
pxowl0xqlw dxfwlrq zlwk pdq| elgghuv zlwk dqdorjrxv uhvxowv1
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